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Abstract—Galerkin representations for the displacement vector, polarization vector and the potential field are
obtained by elementary matrix inversions of the equations of equilibrium. Matrices of fundamental solutions
of an infinite elastic dielectric continuum subjected to a concentrated body force, an electric force, and a
charge density, are constructed. Theorems are proved on the discontinuity of double layer potentials and R,
M, Y operators of single layer potentials. By means of these theorems, the solution of the two basic boundary
value problems has been reduced to the solution of a system of seven singular integral equations.

1. INTRODUCTION

Recent research work by Mindlin[1,2] in linear elastic dielectrics includes the polarization
gradient in the stored energy density function and is intended to bring together the classical
theory of piezoelectricity and Toupin’s[3] equations of elastic dielectrics. This extension
accommodates several observed phenomena otherwise not included: an electro-mechanical
interaction in isotropic centro-symmetric and non-symmetric materials, surface energy of
deformation and polarization, capacitance of thin dielectric films, acoustical activity and optical
activity when the magnetic field is also included. The polarization gradient supplies terms found
in long wave limits of finite difference equations of lattice theories of crystals[1].

The solutions to the equilibrium equations of the Mindlin theory of linear elastic dielectrics
with polarization gradient in terms of functions analogous to Papkovitch-type functions of
classical elasticity have been constructed by Schwarz[4]. The solution is then employed to solve
the problem of a concentrated force applied at a point in an infinite elastic dielectric continuum.

Singular integral equations of coupled thermoelasticity have been obtained by Ignaczak and
Nowacki[11], of classical elasticity by Kupradze[S], and of micropolar thermo-elasticity by
Shanker[10].

In this paper, by an elementary matrix inversion of equations of equilibrium of linear elastic
dielectrics with polarization gradient, we obtain Galerkin representations for the displacement
vector, polarization vector and the potential of the Maxwell field. In Section 4, the matrices of
fundamental solutions of an unbounded isotropic elastic dielectric continuum, subjected to a
concentrated body force, electric force and charge density are constructed. As in Kelvin’s
solution of classical elasticity, these singularities are found to be of order 1/r. In Section $, the
surface potentials of single and double layer are introduced and discontinuity theorems of the
double layer potentials and R, M, Y operators of single layer potentials are stated and proved for
Haélder class of density functions. Furthermore, these theorems have been utilized to formulate the
first two basic boundary value problems of linear elastic dielectrics in the form of a system of seven
singular integral equations. The symbolic determinant for the first interior boundary value problemis
found tobe non-zero. Itis concluded that the system can be regularized and can thus be solved for the
density functions.
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176 K. L. CHOWDHURY and P. G. GLOCKNER

2. THE BASIC EQUATIONS
Let 2 homogeneous isotropic elastic dielectric occupy a region V in a rectangular Cartesian
coordinate system whose boundary S separates it from an outer vacuum V',
The basic equations developed in [2] reduce to the equations of equilibrium,

Toi+fi=0, E+E,—¢,;+Ey=0 2.1
—€putPui=—p.inV, ¢,=0inV (2.2)

the kinematic relations,
E™ =—¢,  S;=4uy;+uy) (2.3)

the constitutive laws,

— E=aP,
Eij= b138;Pik +(bas+ b)) Pyi + (o~ b3} Pij + d128:Su +2d4aSy + body
Ty= Ty = di28yPus + dus Py + Pij) + € 2858w +2¢4S; @9
and the boundary conditions,
nTy; =k, nmE;=S§;
n{P, — edllg. 1= 0(x) (2.5)

in which we use the following notations: T;—the stress tensor components, E;—the electric
tensor components, S;—the strain tensor components, 1;—the components of the displacement
vector, Pi—the components of a polarization vector, P,;—the components of polarization
gradient tensor, E;—the components of the local electric force vector, E™ —the components of
the Maxwell self-field vector, fi—the components of external body force vector, ni—the
components of the unit outward normal vector, ¢—the potential of the Maxwell field,
ll4.l—jump in ¢, across S, ki(x), Si(x), 6:(x)—the surface loadings, er—the permittivity of
vacuum, p.—the charge density and a, bz, bus, by, Ci2, Cas, dr2, das are material constants.

From Eqns. (2.1-2.5), eliminating E;, E; and T;, the following system of basic equations are
obtained

[casVP 4+ (Cra+ Cag)VV.JiE +[dosV? + (di2+ du) VY. P =~ f,
[desV? + (drz + das)VV.JE + [(Das + b))V + (b12+ bas— b)VV.JP — Ve — aP = ~E,
VP -eV¢=—p.inV, Vé=0inV' (2.6)

together with boundary conditions in the form

Kii + Ka,P = R(&,P) = k)
Kali + KpyP — byl XV X P + boft = M(#,P) = Six, Q7N
AP - Vo) = Y(P,d) = bcx)
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where R, M, Y and K., are the surface operators and
K(X) = xlzﬁv. + 2x44ﬁ‘V + Xaafl X VXx = b,C,d.
3. GALERKIN'S REPRESENTATION

Let
X=- (=123, a=XH+X X

q:=(bast br)q ~a G.1)

;= Caaq,

x= X2+ 2Xe5{x = b,c,d)}

and L be the matrix associated with the system (2.6). It is clear that the system (2.6} is equivalent

to the matrix equation
a1 Jf
LiP{=~Es {3.2)

¢. pe
where
cugl +{c —cZ duql+{d—-d)7 ¢
L=|dugl+(d-dwZ qI+{(b-bu—-bZ -X } {3.3)
02 Xt _euq

h P,
where # and P stand for the column vectors {u{l and [PZ] respectively, the matrices 1, X, Z
H ) 5

are defined by

1 0 0 Xl X]z X]X: X1X3
I={0 1 0, X=]X: » Z= XX, Xzz XX, (3<4)
0 01 X XX XX X3P
and the superscript f over a matrix denotes its transpose. Making use of the results
ZX=qX Z°=qZ X'X=q XX'=7 X'Z-=gX' (3.5)
the inverse of L is found to be
— g A I+ 42 duqAid ~AZ ....i)_(. 7
qulA: QAlAz qh
L""l B d44q2AJI““ qu;Z el C‘qu]I +A52 LX_ (3_6)
qzﬂzAz QA{Az qai
dqa X! —-cA X" (be —d%g —ac
L. qulAz qA|Az qA1 R
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where

A =c(l+ea)+eld’— bc)g
Ax = dieg — cauqo
As = (1+ €0t ~ €abq)Az + oA, 3.7
As=dauld — €odA:
As = Caad| ~ €4 A,
It is clear that A;(i = 1,2,4,5) are linear and A; is a quadratic in q.
From Eqgns. (3.2-3.7) one obtains the representations

i=—q:V’A®, + AVV.D, + d A VD, — AVV.D, — dVY

P = dul V'®, — AVVV.D, — ol VP, + AVV. D, + cVE (3.8)

¢=dAVV.D, — cAV.D,+[(bc — dIV — ac ¥

where ®,, @, and ¥ satisfy the equations

A|A2V4(—b} = ‘_f
A]A:VZ&)Q = "‘Eo (39)
AV = —p,.

4. MATRICES OF FUNDAMENTAL SOLUTIONS

(a) Concentrated force

Let 47é, be a concentrated force applied at the point y(y,y-,y;) of an unbounded isotropic
elastic dielectric. Here €, is a unit vector along the x,-direction of the Cartesian coordinate
system. Then

fPx)=478,6(y —x). Es=0, ¢=0 (4.1)

By standard methods[8], the solution of the system (3.9) is, given by

= —4 o, r —4_ io,r
= e r a’ + a1 1 a € —ay e
q)l(p): £ {_ 3+ 3 4 ;+ ﬂ_az

512822 2(11 (4 2] ) > a” r
®,=0, ¥=0 (4.2)
where
Chz: C(1+a€0)/6|2, azlng‘c_i; (43)
812 = €0(d2 —bc ). 522 = di4‘ C44(b44+ b77).

Let «T7(x,y), #Q"(x,y) and £x® denote, respectively, the displacement vector, the polarization
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vector and the potential of the Maxwell field corresponding to the above concentrated force.
Substituting (4.2) into (3.8), one obtains the fundamental matrix solutions,

e = 1 [a-—Ax™] 5+ 3’ {<1+aeo_ a )_r
Fi (122822 r v 3x,~6x,, (112812 a22622 2
N 61—2a1—4A1(eia‘r _ 1) _ 52—2a2—4A2(eia2r _ 1)}
_ r 4.4)
Q‘p _ —qﬁ em2r o 62 {_ d44 eiazr_ 1 eod eialr__ 1}
PT8E r P o, | ety v a8 r )
_ d i [eialr_ 1]
FXe 012512 x, r
where A1 =1+ aeo+ Eo(b12+ 2b44)a12, A2 =a+ (b44 + b77)(122.
(b) Concentrated electric force
Let 47é, be a concentrated electric force acting at the point y. Then
f=0, E®=4ne,8(y—x), p.=0. @.5)
The solution of the system (3.9) is given by
_ - 1 f(a1a2)42 al»Zeialr_ az—zeiazr}
- ®)
(Dl 0’ (DZ 8126221 r + ((112 _ a22)r ’
¥ =0 (4.6)
Substituting from (4.6) into (3.8), one obtains the fundamental matrix solutions
F‘p=%i{ o 62 [ E()d ei""—l_ d44 eiazr_l]
A 822 r wl 6x,,¢")x,~ a12812 r (122822 r
Q.p=~c_4_49i-_’_’ L [ €C e —1 ¢y e -1
HA 622 r P 6xPan (112812 r azzazz r
¢ 3 [er-1
o= gt [ - ] @.7)
(c) Concentrated charge
Let 4m8(x — y) be the concentrated charge acting at the point y. Then
F=0, E=0, p.=4ns(x-y). (4.8)
The solution of the system (3.9), in this case, is given by
= = = - 1 [eialr_ 1]
$,=0, ,=0, V= aE (4.9)
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Substituting from (4.9) into (3.8), one obtains the singular solutions

_d 3 [e™—1
er_mz Bx,v [ r ]’

__L___a__ Cm‘r*l ]
CQ;~ al.‘! 3X,- [ r } {4‘10)

82eia|r egr
ox = Qe acfet -1
€ r [+ 2 r

5. DIELECTRIC POTENTIALS

As in ordinary potential theory and the potentials of Kupradze[5] in elastokinetics, we
introduce

Potentials of single layer:
S 1
U, ¥ 9, ) = . f LR GO, () + 2 Q8 (60870 + mxi (6,30 (9)] dsy
= s 1
Wi(x; ¥, 97 y) = P f [P ()W () + £ QF ()W, (0) + x5 (x4, y) v ()1 s,

S(x;‘ff‘,‘?z,v)=5l;; f (TP + O (x )T 0) + cx (x,¥)w(y)] ds,. 5.0

Potentials of double layer:

X

(K ls‘{zzuu') = %}_’ [ [Ri(:T" - QDK (V) + M(FTP»FQP)Kz‘z(}’) + YO0 my)pn{y)] ds,
W,(x; KK’ p)= -21; f [Ri(uT?, 0 QK (3) + Mi(u TP, 5 QK + Y (O oy ) (9)] dss
SGx; KK p)= ,f; f [Ri(.T.c QK (Y)+ M (T, K (3) + Y Qyox ) (y)] ds,. (5.2)

Throughout the rest of the paper H(y) and C stand, respectively, for Holder class with
exponent y and a class of continuous functions. A Lyapunov surface is defined as a closed
surface S with a continuously turning tangent plane; E denotes the entire space.

Now the following theorems concerning the continuity of the above potentials are proved.

Theorem 1. For density functions ¥'(y),¥*(y) and »(y) € C, the single layer potentials
UGe; 9 9%,0), Wix:; ¥ %% v) and S(x; ¥, % ) are continuous for x € E.

It is clear that U(x; V', ¥2, v), Wix; ¥', ¥, ») and S(x; ¥', ¥, »), as given by Eqn (5.1)
exist and are continuous for all points in space except possibly points on the surface S.

Expanding exponentials in appropriate series in the kernels I, £, pxp; uI”, 2 Q% myp; 1
-, .x, one obtains

L]

P —_— e " =
<L [612+ 57 57 6 +0(r").n =0

1 E(_)_I_? bu‘*‘bw]a 1 [E(_)_é___b«‘*‘bn]ﬁ ar
2r 2 ax; ax,
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FQ,—” 2r [Eod+ d44:l 6"’ _2_1r: [3}_4 du] ar or +0(r ) n=0

8. 8.7 8.°1ax; ox,
d o
FXi = 251 6,+0(r ,n=0
p Gad d44 [_E_o(_i du] ar _aL >
uly = 2r [ 2+d ] b 8,° 8.1 ax; ax, 067, n =0

L0 = [“C C““] o+ [e“ C““}ﬂﬂm( "), n=0

2r 1 8,2 &, 87 62 1dx; dox, (5.3)
c or

HXi= — 28,20 n=0
d or n

CI“,-~—§5—xj+0(r );n=0

Q,=Eﬂ+o(r ), n=0

U7 ox ’
81

X= == 0r"), n =0

and hence, it is obvious that U, W and S exist and are continuous for points on S as well.

Theorem 2. For densxty functions K'(y), K*(y), ;L(y) €H(y)and S a Lyapunov surface, the
double layer potentials U, (x; K',K*u), W,(x:K'.,K*p) and S(x;K',K*u) tend to the
following finite limits as x tends to xo € S from inside and from outside,

[0, R Ko gi)le= =K, + 5 f [Ry(T", Q) K} (y) + My (+T%, Q%) KA()
+ Y(FQ",FX)u(y)] ds,

[W,(x: K", K )l —+K2+—f [Ri (7,5 Q°)KS () + My (T 7. ) K (y)

+ Y Q% mx)un(y)l ds,

[5G RUR o= 280 () 45 | [RATDK/ () + M(TL OKT)
+Y(Qex)p(y)] ds, (54
where i,+ and ¢,— correspond respectively to the limits from interior and exterior of S and the

integrals are imagined in the sense of Cauchy’s Principal values.
The expressions for the double layer potentials can be written in the forms

0 KR =1 f R G Q)KL (y) - K o)l + My QK Hy) — KA (xo)l} ds,
. 2
n K; (x0) J’ Rj(FFP,FQP) dsy +Mf M,‘(FFP,FQP) dsy
2 s 27 s

1
t3 [ Yemon ds, 5.9
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W RVR ) = 5 ARG 0K (9) = K Cxol + M @K (9) ~ K} s,
Kj] X, . N I(i2 )
+——2’(’TO)J; Ri(uT7",x(¥) ds, +—E—go—)‘[ M; (-7 = 07) ds,
l P
+2_;ﬁ Y (O, ux)u(y)ds, (5.6)

S(x;K',K*u)= 1 J [Ri(.T.. QK (y)+ M;(.T',. QK] ds, + f Y(.Q,x)

X[ (y)— plxo)l dsy + “2(;") f Y(.Q,.x)ds, (5.7

where the expressions for R(, T, ), M(.I".. ), Y(.Q..x) (x = F,H,c), after the exponentials are
expanded in the appropriate series, are given by

3 ar or or ,
P P - n—1
R(FF ’FQ )— ZfIP(ryn) r an ax} ax r )’nZO
o p 2bs,d d d net
M0 = Ly ) = 5530 (-, ) 00 m =0

Y(:0%x) = 00" ), n 20

R e ) = fy () + 0" ), 2 0

aln ) = & gy i+ 207850 (I, O) 3 Do O
MGl ) = fi (R + =53 7 Mg~ Mo

Y(eQux)=0r"""),n 20
R(.T,.M=00r"")M(T..Q=00r"",n=0

Y(c ’CX) _‘_—3—"‘-0(’.’l l)- n=0 (58)

and where

-nj— or +n, LI} -(—?1—3—(2?-£ or
axp

fiolri) = ax; | Pan ~ on ax; ox,

§: ;;_LLL’ (Cl'ZdM_ dsz.m)
1

n= 5622 [Caa(b12+ 2bas) ~ dus(di2 + 2d4)] (5.9)

b776'44

B +6 2(d12b44 bpd44)+

§= 5697 [bM(Cl’: +2c44)— d44(dw ~d44)] +—3 b77C44

The first and the fourth surface integrals in (5.5 and 5.6) and the second and the first surface
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integrals in (5.7) are continuous as x tends to x, € S, since K '(y), K*(y) and u(y) € H(y) and the
quantities Y (0" £x), YO ,ux), Ri(.T,. 1) and M;(.T,. Q) have a singularity of order 1/r. The
limit of the second and the third surface integrals (5.5 and 5.6) and the third surface integral in
(5.7) are given by

lim f ROI7, x07) ds, -:Iim{ RO(xI7, xQ°) ds, +iimf RY(T? x Q%) ds,
X=Xy €0 Js-otxgie) -0 Jeor(xaie)
lim | M®(I",x0°)ds, =lim MY(xT" x0%) ds, +lim M x Q%) ds,
X—Xg J S &0 Js—o(xgi€) €0 Jol{xoi€)

where X =F, H and

lim | Y9 0%cx)dsy =lim YU Q%,cx) ds, +1imJ' YA cx) ds,
o{xp€)

x—+x0 J & e=0 Js—olxg:e) €0
(5.10)

where o{xq:€) is the surface of a sphere with centre at x, and radius e which indents or is
superimposed on the domain D bounded by surface S, accordingly as the point x approaches the
point xo € S from the interior or the exterior of the domain and thus isolates the point of singularity
Xo.

For a point y € o{xo€), we take the direction of the outward normal at y to 5 ¥ o{(x,¢) as
positive and

a(y) (9 ar
a1 _oa o o 511
[an],-.e Tor [ e =T G1D

Making use of the above convention, Eqns (5.8) approach the following finite limits at y € o (x03¢€).

o Oy = L oo
(R T 2= 8, =300+ m) 2 2 o)
. _( B){ ar ar n-1
M;(=T%,¢ ie= 29y 3y,
M (=T, Q)]s = 8w 33\71 .J+0( )
_¢ ar ar Pt
R H ,HQ .z= '_2° '

(M a0 2] = 5 [;a,p ~3(1+ z)ﬂfﬂ +0(rY

[Y(O )= 525,

Now, making use of (5.11) and the following results

. 1 7ar or _ i
lelf»no o{xp:e) r (6)7) 3)’k )dsy 2’” (3 6)k‘ I) (513)
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in (5.10), one finds that

- Xg

il

lim [ J MOGT. Q) ds, M® (e, Q) (xory) ds.

X —=xp

J

R" (ulu M(xo,y) ds,

lim [j RVG:T.eMds,| = j RYGT e Q)(x0,y) ds, =2

hm [‘[ R(y)(HF,HQ) dsy

X xgy

lim [J M(y)(HF.HQ) ds,] :j M‘”(HF,HQ)(XQ,)’) dSy * 2w

x—Xxq

im [ yoeomds] = [ v ds =2mee (5.14)

X—exg

From (5.14) and the limits of both sides of (5.5), one obtains the results (5.4).

Theorem 3. For density functions ¥'(y), ¥(v), v(y) € H(y) and S a Lyapunov surface, the
application of R, M and Y operators on potentials of single layer results in functions which tend
to the following finite limits as x approaches x,€ S from inside and outside.

[R(UW). = £ (x0) 45 f R D0y T (3) + rQ(xony ) ¥ y)

+ X oW (V) TXo, VTP + 1 Qo Y)T(Y) + mx (Xo,¥)v(y)] dsy

IM(UW)].. = t@z(xn)+;1; f ML,y )W (3) + £ X0,y )T y) (5.15)

“

+ mx (X0, )P ()r Tx0, )P (9) + 1 U0,y YY) + iy (X0,y) ¥ (¥)] dsy

[Y(W, ). = =8"»(y) +51;f Y T VP () + 1 xo,y YP(Y)

+ 1y (X0, )y (M)oe T(xa, )P (3) + . Qxo,Y)YP(P) + x X0,y ) v (¥ 1 ds,

where the integrals are to be understood in the sense of Cauchy’s Principal values.

The expansions of exponential terms in singular kernel matrices R(.T.x Q.cx), M 0x),
Y(.TI,.Q,.x)X = F, H, C have been given in Theorem 2. Keeping in mind that for x# y € S, the
product of linear operators at the points x and y, operating on a function is commutative, the results
(5.15) can be proved following the procedure of Theorem 2.

6. SINGULAR INTEGRAL EQUATIONS

For the first interior and exterior boundary value problem of linear elastic dielectrics, we seek
the solution of (2.6) as double layer potentials (5.2) such that for x € S, the displacement vector,
the polarization vector and the potential of Maxwell field are prescribed functions U.., p;. and
®.. € H(y) respectively.

For the second interior and exterior boundary value problem, we seek solution of (2.6) as
single layer potentials (5.1) such that for x € S, the stress vector n;Tj;, the electric force vector
n.E;; and ni[— €| || + P:]1are prescribed functions k (x )., S(x).c and 8 (x);. € H(y)respectively.

Using the discontinuity theorems of surface potentials proved in Section 5, the singular integral
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equations for the fundamental boundary value problems, involving unknown density functions
T, W, 0, T8, 8,2, 857, r and KKK KD, KA(K 2 KK %), u may be written in the
following form:

K0 *5m f [ T 0K )+ MO 0K+ Ym0 () | ds, = [0,
K (x)= 2—17; J’ [R (T u QK (y) + MG OOKH () + YO QP my)n () ds, = [ﬁp Jie

8 (x) i;;J' ROCT DK (y) + MO( T, OKXy) + YL Qoex)u(y) ds, = 2[d1i.  (6.1)
and

Pi(x) ﬁ f ROUTE YY) + s Quy)T(0) + ex (6))v ()T T (9) + 2 Qx,y)T(y)
+ax (6y)v(y)ldsy = 2[k(x)L.  (6.2)

Vi(x) = % j ML) P () + Q)T (y) + ex (692 (9), 1 TP (y) + 1 Q1 y)F(y)
+ax(xy)v(y)lds, = [S(x)].

8 v(x) +-ﬂf YOLuTG,y) P () + 5 Q0 »)T(3) + ax (x,7)2(9), T(x,p) ¥ + . Ox,y)FP(x)
+ o x(x,y)v(y)ldsy = £(6(x)]...

Further, we investigate the symbolic determinant[7] of the system of seven equations (6.1) in the
seven unknown density functions K., K', K5', K%, K,?, K5*, u(y). Keeping in mind that the
particular choice of coordinates will not alter the singularities of the involved kernels, we
introduce local coordinates at each point x € S directing x;-axis along the outside normal to S
and the x,, x» axes in the tangent plane to S. Expanding the kernels and noting that in the local
coordinate system n, =0, n.=0, ns=1, we represent the system (6.1) for the first interior
boundary value problem in the form:

K0+ 5 [ k) + BK0) s, + L(R'R%) = (D1
1 1 sin 6 . 2 — | 5o .
K20+ 5 [ Sk ) + BRI, + LR %) = (031

K;'(x) +—f 12 [(nK,'— B,K\*) cos 8 + (nK,' — B,K;) sin 8] ds, + Ly(K',K* ) = [U:);

K’ (x)+‘ f (;Sz 0[—§Ks‘ + K5 ds, + LK ' K?,p) = [Pl

K, (x)+—[

! + {1K32] dsy + LS(KI’KZJJ') = [ﬁz]i

K; (X)+—f 12 [((K\' - (K i) cos 0 + (6K,' — {1 K27y sin 0] ds, + Lo(K 1, Kop) = [psl:

8:°u(x) + LK, Kaop) = [): 6.3)
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where

and L. (k=1,2,...,

a . ar
cosf=—, sinf =—,
6)’1 sin ay-

K. L. CHowpHURY and P. G. GLOCKNER

(Bl,{l) = _(B~§) +==z

The symbolic determinant of the system (6.3) is given by

L

incos @

i€ cos 8

=8 (1- (1D #0.

The non-vanishing of the symbolic determinant gives the sufficient condition[7] for the
regularization of the system of singular integral equations. The system can thus be solved for the
density functions. The symbolic determinant for the other system of equations may also be

shown to be non-zero in a similar manner.
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A-b77

z (d44,( 44)

7) are integral operators with weak singularities.

—in cos 6 0 0 iBicos @
—in sin 6 0 0 iy sin 0
in sin 6 1 —ificos § —iB;sing 0
—i€ cos 6 I 0 if,cos 8
—i¢ sin 6 0 1 i{1sin @
i€ sin 6 0 —i{ycos  —if,sin @ 1
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